V. SUMMARY AND CONCLUSION 

The spherical orrery is a useful device for demonstrating 
and investigating principles of celestial mechanics. The 
physics of this device is more closely analogous to celestial 
mechanics than that of an earlier cylindrical orrery in which 
particles orbit a rod. Phenomena that are easily investigated 
include Kepler’s laws, precession, adiabaticity, molecular 
drag, and collisions. The use of videotape allows the phe- 
nomena to be shown to large audiences. An improved 
vacuum will allow longer orbital decay times which will 
facilitate the investigation of resonant perturbations applied 
for long periods. This type of perturbation is responsible for 
the Kirkwood gaps in the asteroid belt, much of the fine 
structure in Saturn’s rings, and may also lead to dynamical 
chaos. 
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We collect together several ideas that we have found helpful in teaching the magnetic vector 
potential A. We argue that students can be taught to visualize A for simple current distributions and 
to see A as something with physical significance beyond its bare definition as the “thing whose curl 
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I. INTRODUCTION 

Despite the beautiful symmetry between electric and mag- 
netic fields, the ways in which we teach these two concepts 
could scarcely be more different. In our introductory physics 
courses (“freshman physics” in a typical American college), 
students acquire a reasonable understanding of the electric 
field E and the electrostatic potential <jr, by contrast, their 
understanding of the magnetic field B is hazy at best, and 
they probably do not meet the magnetic potential A at all. By 
the end of their next course in electromagnetism (“junior E 
and M”), students generally have a reasonable understand- 
ing of the magnetic field B and have met the magnetic po- 
tential as a mathematical artifact used to express B as 
B=VxA. Nevertheless, they still have almost no idea of 


what A really is, much less any picture of what A looks like 
in even the simplest situations. Even after a graduate course 
in electrodynamics, many students probably could not say 
much more about A than that it is the vector whose curl is B. 

In this paper, we focus on the vector potential A and argue 
that there is much that can be said to improve students’ un- 
derstanding of it. Many of the ideas we discuss have ap- 
peared before (often in this journal), and some are hinted at 
in some of the popular textbooks. Nevertheless, it seems 
clear from the textbooks and from our discussions with nu- 
merous colleagues that these ideas are not widely recognized 
and are certainly not incorporated into most courses in elec- 
tromagnetism. Given the increasing importance of the vector 
potential in modern physics (superconductivity, the 
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Aharonov-Bohm effect, Josephson junctions, squids, etc.) 
anything we can say to help our students master the concept 
seems worth emphasizing. 

Perhaps the most obvious difficulty in teaching the vector 
potential is that it requires a knowledge of vector calculus. 
One can define the scalar potential (f> as the potential energy 
per unit charge and give a remarkably good feeling for (f> 
without ever using vector calculus. Typical introductory 
courses convey a good sense of equipotential surfaces for 
simple charge distributions and of the rate of change of <f) as 
— E without ever mentioning the equation E = — V</>. By con- 
trast, it is very hard to teach the vector potential until our 
students understand the meaning of the curl (as in B = V xA). 
For this reason alone, the vector potential is beyond the reach 
of almost all freshman physics courses. Obviously, we can- 
not deny this problem, but we do believe that there is much 
we can do to improve students’ understanding of A once 
they do meet it in junior E and M or in a graduate course. 

A second obstacle to our students’ understanding of the 
vector potential is the still prevalent view that A is merely a 
mathematical fiction whose only role is to express B as 
VxA. Curiously, the founder of our subject, Maxwell 
himself, 1 ’ 2 advocated in 1865 a quite opposite view, which 
we shall echo, that the vector potential can be seen as a 
stored momentum per unit charge in much the same way that 
(f> is the stored energy per unit charge. Indeed, one of Max- 
well’s several names for the vector potential was “electro- 
magnetic momentum.” An equivalent view, that A can be 
seen as the appropriate field momentum per unit charge, was 
stated by Thomson 3 in 1904 and was forcefully advocated by 
Konopinski 4 in an article in this journal in 1978. (There is a 
long history of distinguished articles on related topics in this 
journal. 5 ) 

The modern view, that A is an artifact devoid of physical 
significance seems to originate with Heaviside (in 1886), 6 
who described the potentials as “highly artificial quanti- 
ties,” and Hertz (in 1893), 7 who disparaged the components 
of A as “magnitudes which serve for calculation only.” 
These views can be found in almost any modern textbook on 
electromagnetism. Perhaps the strongest statement is due to 
Rohrlich, who says: 

These functions, known as potentials, have no physical 

meaning and are introduced solely for the purpose of 

mathematical simplification of the equations. 

Similar statements can be found, for example, in Refs. 9 and 

10 . 

We do not claim that the Maxwell-Thomson view of A as 
stored momentum per unit charge is of immense practical 
value (although we do offer some examples to show the in- 
sight that it can contribute). Nonetheless, we do argue that, 
by giving physical meaning to an otherwise rather abstract 
notion, this view can help students to feel more at home with 
and better understand the undeniably important concept of 
the vector potential. 

A third difficulty in teaching the vector potential is that 
much of its importance appears only later in more advanced 
subjects which the students of junior E and M have often not 
studied: In relativity, A combines with 4> to form the four- 
potential A =(A ,<f>/c), just as the momentum p combines with 
the energy E to form the four-momentum p = (p£/c). In the 
Lagrangian mechanics of a charged particle, the generalized, 
or canonical, momentum turns out to be p=m\+qA, and, 
under the appropriate conditions, it is p (rather than m\) 
which is conserved. That is, qA is the quantity that must be 


added to m\ to give the “proper” conserved momentum, 
just as q(j> is the quantity that must be added to \mv 2 to give 
the “proper” conserved energy. In quantum theory, A (as 
opposed to B) is the fundamental quantity in the Schrodinger 
equation for a charged particle and in the interactions of 
quantum electrodynamics. 

If your students haven’t studied these more advanced sub- 
jects, then these arguments for the importance of A will carry 
less weight. Nonetheless, some students have studied relativ- 
ity, Lagrangian mechanics, or even quantum mechanics be- 
fore meeting the vector potential, and for such students these 
ideas are well worth exploring. Even if your students have 
not studied these subjects, the arguments can at least be men- 
tioned. 

In Sec. II, we describe two ways to help our students vi- 
sualize, and even calculate, the vector potential for a number 
of steady current distributions. While most students can 
readily calculate and visualize the scalar potential <f> of vari- 
ous charge distributions, very few can do the same for the 
vector potential of any current distributions. Any tricks to 
help them do this seem well worth emphasizing. In particu- 
lar, the formal analogy between /zqJ as the source of B (as in 
V xB=/roJ) and B as the source of A (as in VxA=B) al- 
lows one to find the vector potential in several situations by 
taking advantage of the well-known B fields of certain cur- 
rent distributions. Although this point is mentioned briefly in 
the fine textbooks 11 of Griffiths and of Barger and Olsson, 
and is clearly stated in a recent article of Carron, 12 it seems 
not to be as widely appreciated as it deserves. 

In Sec. Ill, we review the main arguments for the 
Maxwell-Thomson view that A is the stored momentum per 
unit charge, that is, that A does for momentum what the 
scalar potential <f> does for energy. Finally, in Sec. IV, we 
give some examples of problems that can be solved and per- 
haps better understood using this way of viewing A. 

To conclude this introduction, we need to discuss the con- 
sistency of the view of A as stored momentum with the re- 
quirements of gauge invariance. Since A is not uniquely de- 
fined, one is bound to be a bit suspicious of the claim that A 
can be interpreted as stored momentum. We shall address 
this objection at the appropriate points throughout the paper, 
but it may be helpful to summarize the situation now: First, 
we note that many familiar physical quantities are not 
uniquely defined (potential energy, the energy flow vector, 
the Lagrangian, etc.) but are nevertheless physically signifi- 
cant. In the cas'’ of the vector potential, there are many dif- 
ferent choices A, all corresponding to the same electro- 
magnetic fields, and we shall see that each different choice of 
A (that is, each different gauge) defines a different general- 
ized momentum p=m\+qA. In some gauges the generalized 
momentum may be conserved and in others it may not. As 
one might expect, the most convenient choice of gauge is 
usually one in which p is conserved. Since conservation laws 
are generally associated with symmetries, this means finding 
a gauge where A has the same symmetries as the underlying 
problem. 

II. ON VISUALIZING AND CALCULATING THE 
VECTOR POTENTIAL 

By the time they are in a junior E and M course, most of 
our students have a reasonable picture of the way the mag- 
netic field B circles around the current that produces it, and, 
with the help of Ampere’s law, they can calculate the B field 
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Fig. 1. (a) The B field of a current confined inside a long straight wire 
circulates around the wire with magnitude given by Ampere’s law as 
B = /j- 0 I/2Tir. (b) The B field of a long solenoid is confined inside the sole- 
noid. Comparing with (a), we can immediately conclude that the vector 
potential outside the solenoid circulates with magnitude A—^/2Trr. 


for several simple current distributions. On the other hand, 
they usually have very little idea how to visualize or calcu- 
late the vector potential for any current distributions. 

One approach to finding any magnetostatic A, which leans 
nicely on the students’ experience in electrostatics, is to note 
that, in the gauge where V-A=0, the vector potential A sat- 
isfies 

V 2 A=-/*oJ (1) 

(just as the scalar potential satisfies V 2 (/>=-p/e 0 ). The solu- 
tion of this equation is well known to be 


Wn f 

A(r)=P 2 dV' 
477 . 


J(r') 

r- r' 


(2) 


(Again, it helps to emphasize the parallel between this and 
the corresponding result for 4>.) We mention the well-known 
result (2) because it makes clear that the contribution of each 
J(r') to A(r) is in the direction of J(r'). For example, if J has 
the same direction everywhere (as with the current in a long 
straight wire), then the same is true of A, and A has the same 
direction as J. Similarly, Eq. (2) implies that if J is axially 
symmetric and points in circles around its axis of symmetry 
(as with the current in a circular loop or solenoid), then A 
has these same two properties. 

A second way to find A is to recognize that (in the gauge 
with V-A=0) A is determined by the two equations 

V xA=B and V-A=0. (3) 


Comparing these with the two Maxwell equations for B, 
VxB=yu 0 J and VB=0, (4) 


we see that B can be regarded as the “source” of A in just 
the same way that /x, h J is the source of B. This analogy 
means that all the students’ hard-won experience using Am- 
pere’s law to find B for given J can be applied immediately 
to the problem of finding A for given B. For example, most 
students in junior E and M are familiar with the way B tends 
to circle around its source current J; in just the same way, it 
follows that the vector potential A tends to circle around its 
corresponding B. 


A. Example: Vector potential for a solenoid 

As a first illustration of this approach to finding A, recall 
that, for a steady current in a long straight cylindrical wire, 
the B field circulates outside the wire, as shown in Fig. 1(a). 
Using the analogy between Eqs. (3) and (4), we can imme- 


diately find the potential A corresponding to the B field of a 
long cylindrical solenoid, as shown in Fig. 1(b). This field is 
uniform inside the cylinder and zero outside. Therefore, ex- 
actly as B circulates around the current I in Fig. 1(a), so the 
vector potential A must circulate around B in Fig. 1(b). 

Quantitatively, the students all know from Ampere’s law 
that the B field outside the current of Fig. 1(a) is 

B = [outside wire], (5) 

27 rr 

where / is the total current in the wire. It immediately fol- 
lows that the vector potential outside the solenoid of Fig. 
1(b) must be 

3 > 

A = - — - [outside solenoid], (6) 

27 rr 

where d> is the total flux of B inside the solenoid. This is 
surely a most economical and transparent derivation of the 
vector potential outside a solenoid — a configuration that oc- 
curs in the Aharonov-Bohm effect and many other impor- 
tant applications. 

We can use the same argument to find the vector potential 
inside the solenoid. If the current in Fig. 1(a) is uniform 
inside the wire, then we can use Ampere’s law, 
$B-dr= ^(inside), with a circular path of radius r, to show 
that the B field inside the wire is /? = /u 0 /r/27ra 2 , where a is 
the radius of the wire. In exactly the same way, Eq. (3) 
implies an “Ampere’s law” for A, namely, $A-dr 
=<l>(inside), and we can see that the vector potential inside 
the solenoid of Fig. 1(a) circulates around the axis with mag- 
nitude 


4>r Br 
^ lira 2 2 


(7) 


If we bear in mind that r in (7) denotes the perpendicular 
distance out from the axis and we let a — >oo, this result gives 
the vector potential for a uniform B field: 

1 

A= ^ »xr, (8) 


a result of great importance, which appears, for example, in 
the quantum theory of an atom in a uniform magnetic field 
(the Zeeman and Paschen-Back effects). 


B. Another example: Vector potential for a long 
straight wire 

Figure 2(a) shows a current circulating uniformly around 
the surface of a long conducting cylinder, that is, a solenoid. 
The corresponding B field is known (from Ampere’s law) to 
be zero outside the cylinder and uniform, directed along the 
cylinder, on the inside, as shown in Fig. 2(a). It immediately 
follows that a B field circulating uniformly around the sur- 
face of a cylinder corresponds to a vector potential A that is 
zero outside and uniform inside, as shown in Fig. 2(b). The 
circulating B field of Fig. 2(b) is produced by a uniform 
current flowing up a cylinder of radius r and back down a 
coaxial cylinder of slightly larger radius r + dr, as shown in 
Fig. 2(c). Thus the vector potential of Fig. 2(b) is the poten- 
tial of a uniform current in the coaxial cable of Fig. 2(c). 

It is easy to write down quantitative expressions for the 
fields involved in this example. The B field inside the sole- 
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B = ii Q J dr 


A = Bdr 




Fig. 2. (a) A current circulating around a long cylinder (or solenoid) produces a B field that is uniform inside the cylinder and zero outside, (b) It immediately 
follows that a B field circulating around the surface of a cylinder corresponds to a potential A that is uniform inside the cylinder and zero outside, (c) The B 
field of (b) is produced by a current flowing up one cylinder and down a second, coaxial cylinder of slightly larger radius. 


noid of Fig. 2(a) is well known to be /. q/il, where n is the 
number of turns per unit length. In terms of the current den- 
sity J this is 

B = dr [inside cylinder], (9) 

where dr denotes the thickness of the conducting cylinder. 
Therefore, the vector potential of Fig. 2(b) is 

A=B dr (10) 


= - — dr [inside cylinder], (11) 

ZTtr 

and A =0 outside. Here, dr is the small separation between 
the two coaxial conductors, and Eq. (11) follows from (10) 
because the field between the two cylinders is, according to 
Ampere’s law, B = fi Q I /2-rrr . 

From the result (11) we can easily find the vector potential 
for a single cylindrical wire. Consider, first, two coaxial cyl- 
inders at r = « and r = b, not necessarily close together. We 
can regard this arrangement as the superposition of many 
coaxial pairs, starting at r — a and ending at r = b, in which 
each pair is close together. To find A at any r between a and 
b, we note that those coaxial pairs inside r contribute noth- 
ing to A . Thus the total vector potential at any r between the 
two cylinders is the integral of (11) from r to b: 


A(r) 


/V 

2ir 


[ln(fi) — ln(r )]. 


( 12 ) 


To find the potential for a single wire, we cannot simply 
let the outer radius b in (12) tend to infinity because the term 
ln(fi) diverges. However, if we fix b at a value larger than 
the values of r in which we are interested, then ln(b) is just 
a constant, which we can drop, to give 

iicd 

A(r)= — ~ — ln(r), [for a<r<b ]. (13) 

L 77 

This is the vector potential for two coaxial cylinders of radii 
a and b. However, we know that the corresponding B field 
for a<r<b is the same as that outside a single wire of 
radius a. Since (13) is independent of b, we can now let 
ft_,oo, and we conclude that the vector potential A outside a 
single wire is parallel to the current [the direction predicted 


in connection with Eq. (2)] and has magnitude given by 13 

(13). 

One can find other examples of currents for which the 
known form of B for a given /qj lets one write down A for 
a given B. For instance, the vector potential for two antipar- 
allel current sheets and for a toroidal solenoid can both be 
found easily in this way. (The latter is discussed in detail in 
Ref. 12.) 


III. THE VECTOR POTENTIAL AS 
“ELECTROMAGNETIC MOMENTUM” 

Whenever we define a new concept, we need to say as 
much as possible — beyond the bare definition — to show our 
students what the concept really is. This is desirable in its 
own right, but, equally important, it gives the students a con- 
text within which to place and understand the new concept. 
Thus, beyond defining A as the “thing whose curl is B,” we 
need to say as much as possible about its physical signifi- 
cance. We wish to argue that the Maxwell-Thomson view 
that A is the stored momentum per unit charge supplies this 
needed physical meaning. Throughout this section we shall 
consider the motion of a single charge q in an applied elec- 
tromagnetic field, given by potentials <f> and A. 

As a first indication that A is at least a candidate for stored 
momentum per unit charge, we can point out that the units of 
A are precisely those of [momentum/charge]. (Verifying this 
makes a nice exercise for your students in handling the units 
of magnetic field.) Another point that is easily made is that in 
relativity, A is related to 4> exactly as momentum is related 
to energy. Even students who have not studied relativity for- 
mally are almost certainly aware that momentum and energy 
combine to form the four-momentum p = (p,E/c). Thus we 
can at least tell them that (as they will learn later) A and <j> 
combine to form the four-potential A =(A ,4>/c), with A in the 
“momentum slot” and <j> in the “energy slot.” 

Perhaps the most compelling argument that A is somehow 
connected with momentum comes from the Lagrangian me- 
chanics of a charged particle in an electromagnetic field. If 
our students have already learned about Lagrangians, then 
we can show them that the Lagrangian 
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L= -mv 2 -q{(f>-y- A) (14) 

correctly reproduces the equations of motion given by the 
Lorentz force law. Comparing (14) with the usual form 
L = \mv 2 - V, we can identify the quantity A) as a 

generalized, velocity-dependent potential energy. 

From Eq. (14), the canonical momentum is easily seen to 
have components 

dL 

p i = — =mv i + qA i . (15) 

OV i 

Under the appropriate conditions (dL/dx^O), the compo- 
nent Pj is conserved; thus Eq. (15) shows that qA is the 
quantity which, when added to mv, gives the “generalized 
momentum” that is conserved under the appropriate condi- 
tions. 

Fortunately, we can derive this result even for those stu- 
dents who have not yet studied Lagrangians. There are in 
fact two ways to do this, both of which are instructive. Be- 
fore we describe these two arguments, we remark that the 
physical predictions based on the Lagrangian (14) are gauge 
invariant: Different choices for A lead to different 
Lagrangians and different canonical momenta; for some 
choices of A the canonical momentum (or at least some of its 
components) may be conserved, while for others it may not. 
Thus some choices of gauge may be more convenient than 
others. Nevertheless, the predicted motion of the charged 
particle and the status of m\+qA as the canonical momen- 
tum are the same, whatever our choice of gauge. 

A. First argument 

Our first elementary argument that the quantity m\+qA 
can be interpreted as a generalized momentum starts from 
Newton’s second law, ma=F, with F equal to the Lorentz 
force <?(E+vXB). Let us first recall the argument that the 
quantity \mv 2 + q4> can be interpreted as a “generalized en- 
ergy.” If we dot Newton’s second law with v, we obtain: 

j t i«i; 2 )= 9 v(E+vxB). (16) 

If we rewrite E and B in terms of the potentials, 
dA 

E= - V <f > — — and B=VxA, (17) 

at 

then a moderately challenging exercise in vector calculus 
shows that Eq. (16) becomes 1 ^ 

d ( 1 - \ S 

dt \ 2 mV + <^] = ^<7(0-v-A). (18) 

Here, the left side is the time rate of change of the “gener- 
alized” energy (kinetic + potential). Clearly, this generalized 
energy is conserved whenever the derivative of the velocity- 
dependent potential on the right is zero. That is, if both po- 
tentials 4> and A are independent of time, the generalized 
energy on the left is conserved. 

In an exactly parallel way we can start from Newton’s 
second law, replace the fields by potentials as in Eq. (17), 
and, after going through some more vector gymnastics, show 
that 15 

d 

^ (m\+qA) = ~Vq(<p-v-A). (19) 


This has the form of Newton’s second law ( dp/dt = -W ): 
The left side is the time derivative of the generalized mo- 
mentum (“kinetic” plus “potential”) and it is equal to the 
gradient of the same velocity-dependent potential as ap- 
peared in Eq. (18). Whenever any component of this gradient 
is zero, the corresponding component of the generalized mo- 
mentum is conserved. 

There are several more points you can make concerning 
the two equations (18) and (19) if your students are already 
familiar with Lagrangian mechanics or relativity. First, Eq. 
(19) is simply Lagrange’s equation for the Lagrangian (14). 
Second, for those reasonably practiced at relativity, it is easy 
to show that the two equations (18) and (19) combine to 
form a single covariant equation. Although we chose to write 
(18) and (19) in nonrelativistic form, both equations are ac- 
tually correct if we replace the nonrelativistic \mv 2 and mv 
with their relativistic counterparts. Next, it is a nice exercise 
to show that the resulting two equations are equivalent to the 
single covariant equation 15 

— (p + qA) = dq(UA), (20) 

where r is the proper time, p denotes the relativistic four- 
momentum p= ym(\,c), A is the four-potential (A ,<f>/c), d is 
the four-dimensional gradient, and U is the four-velocity, 
U=y(\,c). 


B. Second argument 

The arguments just given show clearly that qA is the 
quantity that must be added to mv to give the proper, gener- 
alized, momentum for a particle in an applied electromag- 
netic field, but they do not show why this is so. An alterna- 
tive argument, revived by Konopinski 4 but dating back at 
least to Thomson’s book 3 of 1904, fills this gap nicely. 

For this second argument, we need to assume that the 
particle moves nonrelativistically and that the applied fields 
vary slowly in time. Furthermore, we shall work in the Cou- 
lomb gauge, with V-A=0. With these assumptions, we can 
neglect the magnetic field of the particle compared to its 
Coulomb field, and the vector potential is given by the fa- 
miliar Eq. (2). 

Recall first that the familiar claim that q<f>( r) is the poten- 
tial energy of a charge q in an applied field can be justified as 
follows: We can write down the total field energy (of the 
particle plus the applied field) as the integral of 
eoE 2 /2+B‘/2/u, 0 over all space. If we write E as the sum of 
two terms, one for the particle and one for the applied field, 
then the contribution to the energy of the cross term 
(E part -E app ) can be identified as the energy of interaction of 
the particle and field. (Remember that we are neglecting 
Bpart •) The corresponding integral is easily evaluated as 

(energy of interaction of charge at point r in 

applied field) = q<fi(r), (21) 

where (Mr) is the potential of the applied field. This is, of 
course, just the usual expression for the potential energy of 
the particle in the field. 

In exactly the same way, we can write the total field mo- 
mentum as the integral of CqExB. Again, we can identify the 
contribution of the cross term (E part xB app ) as the momentum 
of interaction of the particle and the applied field, and a 
straightforward manipulation shows it to be 
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(momentum of interaction of charge at point r in 

applied field) = q A( r) , (22) 

This is exactly the result referred to by J. J. Thomson in 
1904, when he said 16 

A simple calculation shows that the whole momentum 
[of interaction] in the field is equivalent to a momen- 
tum qMr) at the electrified point, A(r) being the Vec- 
tor Potential at r due to the currents. 

This completes the second argument that qA is the appro- 
priate quantity to add to m v to give the generalized momen- 
tum. It also shows clearly why the generalized momentum 
m\+qA (like the generalized energy \mv 2 +q<J)) is not al- 
ways conserved. The momentum and energy of the whole 
system — particle, fields, and sources — are, of course, con- 
served. However, the quantities m\+qA and \mv 2 + q4> are 
just those parts of the momentum and energy directly asso- 
ciated with the particle. Only under certain conditions are 
these partial quantities conserved. In the case of energy, the 
condition is, according to Eq. (18), that the potentials be 
independent of time, a condition that is met in many inter- 
esting problems. In the case of the momentum, the condition 
is, according to Eq. (19), that the gradient of (<£— v-A) be 
zero. As we discuss in Sec. IV, there are situations in which 
this condition is met (at least for one component of the mo- 
mentum), and these can be used to give students a sense of 
the vector potential’s tangible physical significance. 

Before we go on to the examples of Sec. IV, we should 
note that the result (22) is not gauge invariant. The left side 
of (22) has the same value for all gauges, whereas the right 
side does not. This suggests, what is true, that, at least in the 
quasistatic situations to which Eq. (2) applies, the gauge in 
which A is given by (2) is in some ways the most natural 
gauge to use. Nevertheless, the second example of Sec. IV 
shows that the generalized momentum my+qA is useful and 
significant in several different gauges. 

IV. EXAMPLES 

In this section we describe in some detail three examples 
of problems where the Maxwell-Thomson view of A as 
stored momentum per unit charge gives additional insight 
into the solutions. Junior-level students are already aware 
from elementary mechanics that many problems can be 
solved either by focusing on forces and Newton’s second law 
or by focusing on momentum and energy. In the context of 
electromagnetism, we can refer to these two approaches as 
the “force-field approach” and the “momentum-energy ap- 
proach.” The main point of these examples is to show that, 
in the case of magnetic problems, one can do more than is 
generally recognized with the momentum-energy approach. 

There is some difficulty knowing how to refer to the prin- 
cipal quantities connected with momentum. In the case of 
energy, \mv 2 is called the kinetic and q<f> the potential en- 
ergy, and their sum is often called the total energy (though 
this term is somewhat elastic and ambiguous). In the case of 
momentum, m\ is sometimes called the kinetic momentum, 
and we too shall use this name. The quantity qA could natu- 
rally be called the potential momentum, as was suggested by 
Konopinski. 4 Although this name is certainly not standard, 
and one might argue for something more neutral like “stored 
momentum,” we shall follow Konopinski and use “potential 
momentum.” Finally, the sum my+qA can be called the 
total momentum, but this suffers all the ambiguities of “total 


energy.” In the context of Lagrangian or Hamiltonian me- 
chanics, mv+qA is called the canonical momentum, 17 but, 
since this name seems somewhat specialized, we prefer to 
use the more neutral “generalized momentum.” 


A. Example 1: A charge outside a long solenoid 

As our first example, we consider the motion of a charge q 
outside a long solenoid. We imagine q to be stationary and 
the solenoid to be carrying a steady current, which is 
switched off at time f= 0. Variants of this example appear in 
Feynman’s book 18 and Konopinski’s article. 4 As was empha- 
sized in the recent article of Johnson, Cragin, and Hodges, 19 
and before that by Furry, 20 if the solenoid is an ordinary 
conducting solenoid, then the charge q will induce charges 
on the solenoid, and these will produce their own electric 
field. Although this complication seems not to affect our 
considerations, it is perhaps worth agreeing to use a noncon- 
ducting solenoid to eliminate the difficulty entirely. One way 
to arrange this is to construct the solenoid from two concen- 
tric insulating cylinders, infinitesimally different in radius 
and coated with uniform and opposite charges. The initial 
current is created by having either cylinder rotate, and it is 
switched off by stopping the rotation. To simplify matters, 
we assume that the current is switched off quickly, so that 
the charge q does not move appreciably while the current is 
dropping to zero. 

The traditional view of this experiment — in terms of 
forces and fields — is easily stated: When the current is 
switched off, the initial magnetic flux d> 0 in the solenoid 
drops to zero. This induces an electric field, in the ip direc- 
tion, which has magnitude (by Faraday’s law) 4>/2 rrr. (Here, 
r is the distance of the charge from the axis of the solenoid.) 
This field delivers a total impulse to the particle, equal to 
q<$> 0 l2Trr. That is, the charge q moves off in the tangential 
direction with momentum q<& 0 /2Trr. 

The corresponding account in terms of conservation of 
momentum is even simpler: Under the conditions assumed, 
the generalized momentum is conserved. While the current is 
still on, the vector potential outside the solenoid is 
A = d> 0 /27r/- in the tangential direction. Therefore, the charge 
has potential momentum qA — q4\ t /2iTr, but kinetic momen- 
tum mv= 0. When the current is switched off, the potential 
momentum goes to zero and is converted to kinetic momen- 
tum mv = q<t> 0 /2vr in the tangential direction. 

It is striking to note how precisely Maxwell stated this 
view of this experiment 120 years ago: 21 

The vector A represents in direction and magnitude the 
time integral [that is, impulse] of the electromagnetic 
intensity which a particle placed at the point ( x,y,z ) 
would experience if the primary current were suddenly 
stopped. 

If the current in the solenoid is switched off slowly, then 
the problem is more complicated, but the Maxwell- 
Thomson view is still helpful. We must recognize that the 
components of the generalized linear momentum are not 
conserved in this case. [The right side of Eq. (19) is not 
zero.] However, because of the axial symmetry of the prob- 
lem, the z component of the generalized angular momentum 
is conserved. (The simplest way to see this is to go over to 
cylindrical polar coordinates and note that the Lagrangian is 
independent of <p.) Thus the quantity 

mr 2 <p + rqA=mr 2 <p + q(t>/2Tr (23) 
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B. Example 2: A charge in a uniform magnetic field 



Fig. 3. The field of a long, but finite solenoid is nearly uniform inside, with 
a much weaker return field outside. As we bring in a charge q from infinity 
we have to exert a force -qyx B. This delivers an angular impulse, as given 
by Eq. (24). 


(kinetic plus potential angular momentum) is conserved. 22 
However <f) is switched off, the constancy of (23) lets one 
write down ip as a function of r and <J>, and this lets one 
solve the equation of motion for r once ( t> is given. In par- 
ticular, the final value of the angular momentum mr 2 <p is 
always just r/<t> ( /27r. 

Another nice feature of this example is that it lets one see 
that the stored momentum qA(r) is equal to the impulse we 
would have to supply to bring the charge q in from infinity to 
the point r. Our students all know that potential energy is the 
work we would have to do to bring the charge in from infin- 
ity, so it is gratifying to show the corresponding result for the 
stored momentum (actually angular momentum, in this 
case). An added feature of this particular proof is that it 
highlights the importance of the return magnetic field for any 
real solenoid. Figure 3 shows the field of a real (that is, finite 
length) solenoid. As long as we are concerned with values of 
r close to the solenoid, we can ignore the return field, but, 
now that we want to follow the charge in from infinity, the 
return field is obviously important. As we move the charge 
in, we must exert a force equal to -q\x B, which has mag- 
nitude qvB in the <p direction and exerts a torque r = rquB 
in the z direction. As we move the charge in from infinity to 
a value of r close to the solenoid, the total angular impulse 
that we supply is 

rdt=J rqvBdt = qj Br' dr' . (24) 

The integral here is 1/27 r times the downward flux of the 
return field outside the solenoid. Now, the downward flux of 
the return field equals the upward flux, <I> 0 , °f the field inside 
the solenoid. Thus, according to (24), the angular impulse we 
deliver when bringing up the charge q is qd> { J2n, which is 
exactly the stored angular momentum rqA associated with 
the charge in the field of the solenoid. 


As a second example, we consider a charge q in a uniform 
magnetic field B, which we take to point in the z direction. 
The motion of such a particle is well known, of course. For 
example, if its initial position and velocity are in the xy 
plane, it will remain in the same plane, moving in a circle of 
radius mv/qB. Nevertheless, one can get additional insight 
into this motion by considering the conservation of the gen- 
eralized momentum. 

Suppose that the charge is initially at position r=R ( , and is 
given a radial velocity v 0 . What is the greatest distance r=R 
to which the charge will move before it starts to move back 
towards the origin? A slight variant is to suppose the B field 
is confined to the region r<R, and to ask for the minimum 
speed d 0 for which the charge can escape from the field. 
Either way, this problem is analogous to throwing a mass up 
in a gravitational field and asking for its maximum height or 
minimum escape speed. 

In the momentum-energy approach, we would solve this 
problem as follows: The vector potential for a uniform B 
field is (Sec. II) A=[BXr, or, in cylindrical polar coordi- 
nates, A=Br/ 2 in the ip direction. It is easy to check from 
Eq. (19) that, with this A, the generalized linear momentum 
m\+qA is not conserved. On the other hand, because of the 
axial symmetry of the problem, the generalized angular mo- 
mentum about the z axis is conserved. That is, 

r(m\+qA) lf> =mr 2 ip+ = constant =- qBR 1 ^ (25) 

or, 

mr 2 ip- — qB(R 2 ) -r 2 ) [cons, of angular momentum]. 

(26) 

Equation (26) shows that the kinetic angular momentum 
mr 2 ip is initially zero, but as r increases beyond R 0 , the 
kinetic angular momentum must increase in magnitude. (Its 
sign depends on the sign of the charge q.) To put this more 
physically, we can say that the equipotential surfaces of the 
potential angular momentum are cylinders of fixed radius r. 
Thus, as the charge moves outward, the potential angular 
momentum changes, so the kinetic angular momentum must 
also change (in the opposite direction) to conserve the total 
angular momentum. 

The angular momentum equation (26) places no restriction 
on how large r can grow; it simply relates r and ip. As in the 
corresponding gravitational problem, the restriction on r 
comes from energy conservation, which in the present case 
implies that 

- w(r 2 + r 2 ip 2 ) = constant =- mvl [cons, of energy], 

(27) 

This equation shows that, as r and <p increase, r must de- 
crease and eventually vanish. If we denote by R the radius at 
which r=0, then it is a straightforward matter to eliminate <p 
from Eqs. (26) and (27) to give 



This is the maximum radius to which the charge will move. 
If the field terminates at a given radius R, then it is a simple 
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exercise to solve Eq. (28) to find the escape speed v 0 . 

The solution of this problem by the traditional force-field 
approach is also simple but less insightful. One simply ob- 
serves that the charge is well known to move in a circle of 
radius mv 0 /qB. (The proof of this result is not entirely 
trivial, but the result is certainly well known.) This circle is 
tangent to the initial velocity, and some straightforward ge- 
ometry shows that the greatest distance of the circle from the 
origin is given by precisely the result (28). 

We have mentioned several times that the concept of the 
generalized momentum mv+qA can be useful in several dif- 
ferent gauges, that is, with several different choices of A. 
This is well illustrated by the present example of a charge 
moving in a uniform magnetic field; specifically, we can take 
advantage of the freedom to make gauge transformations to 
give an elegant proof that a charge in a uniform B field does 
indeed move in a circle of radius mv 0 /qB. 

The vector potential A=[Bxr that we have used so far for 
a uniform B field has Cartesian components 


B 

A= -{-y,x, 0) 

(29) 

(if we continue to take B in the z direction). However, two 
different choices that give exactly the same value for 
B=VxA are 

A=B(— y,0,0) 

(30) 

or 


A=B(0,jc,0). 

(31) 


It is interesting to consider these three different gauges in the 
light of the symmetries of the original problem: The original 
uniform B field is symmetric under rotation about the z axis 
and under arbitrary translations. The choice (29) for A ex- 
hibits the rotational invariance, but not the translational; the 
choice (30) is invariant under translations in the x direction 
(but not the y direction); and the choice (31) is invariant 
under translations in the y direction (but not the x direction). 

Given the symmetries of A in the three gauges considered, 
it is easy to see what will happen to the corresponding gen- 
eralized momenta. In the gauge (29), it is the <p component of 
the generalized momentum that is conserved; that is, the z 
component of the generalized angular momentum is con- 
served, as we have already noted. In the gauge (30), the x 
component of the generalized linear momentum is con- 
served: 


on our new origin. Squaring the two equations (34), we see 
that the radius of this circle is 

n t m v 

r=V?+y r =— . (35) 

In other words, the momentum-energy approach, with a ju- 
dicious use of gauge invariance, yields a simple proof that a 
charge in a uniform magnetic field moves in a circle of ra- 
dius mv/qB, as well as a more insightful solution of our 
original problem. 

C. Example 3: A uniform B field with a radial E field 

Perhaps the most obvious shortcoming of the previous ex- 
ample is that the motion of a charge in a uniform B field is so 
completely understood that even the most revolutionary ap- 
proach is unlikely to teach us anything truly new or exciting. 
Fortunately there are problems where the solution by the 
traditional force-field approach is hard enough that the point 
of view advocated here really does help us understand the 
solution. One such problem is the motion of a charge in a 
uniform magnetic field plus an E field that points radially out 
(or in) from the axis of the B field. 

Consider a uniform B field pointing in the z direction and 
an infinite charged cylinder (radius R 0 ) centered on the z 
axis. This cylinder produces a radial E field of the form 
E=\/r and potential <^=-\lnr (where A. is the linear 
charge density on the cylinder divided by 2ire 0 ). We choose 
the direction of E such that the electric force on q is radially 
outward. A relatively straightforward problem is to imagine 
the charge released from rest at r = R 0 and to investigate the 
nature of the subsequent motion. The energy-momentum so- 
lution of this problem is simple and parallels almost exactly 
that for Example 2 in Sec. IV B. Once again, the axial sym- 
metry implies conservation of the z component of general- 
ized angular momentum. This takes exactly the form of Eq. 
(26) from Example 2, which shows that, as the electric field 
accelerates the charge outward, the magnetic field bends it 
sideways. (The changing potential angular momentum as r 
increases requires that the kinetic angular momentum 
changes in the opposite direction.) Conservation of energy 
takes nearly the same form as before, except that the initial 
kinetic energy is now zero and there is a potential energy 
qcj>(r): 

— m(r 2 + r 2 (p 2 ) + q(t>(r) = constant 


mv x +qA x = mv x -qBy = constant. (32) 

In the same way, if we choose the gauge (31), then it is the y 
component that is conserved: 

mVy + qA y = mv y + qBx = constant. (33) 

Notice how by making three different choices of A, we have 
learned three different and useful facts. 

In particular, we can use the two conditions (32) and (33) 
to prove that the charged particle moves in a circle. The two 
constants in Eqs. (32) and (33) can be absorbed into the 
coordinates jc and y (that is, we can shift our origin) to give 

mv x = qBy and mv y =—qBx. (34) 

These two equations show that v is always perpendicular to 
r. Since d(r 2 )/dt = 2v-r, this guarantees that r is constant 
and that the charge moves in a circle of fixed radius, centered 


= q<f>{R 0 ), [cons, of energy], 

(36) 

Using (26) to eliminate ip from equation (36), we get an 
equation for r, which we can solve in more or less detail 
depending on what we want to know. One simple application 
is to suppose there is a second concentric cylinder at radius 
in which case our device is approximately the mag- 
netron, of radar fame in World War II. 3 If the E field is too 
weak, the magnetic field will bend the charge around before 
it reaches the outer cylinder. Thus, an interesting question to 
ask is the minimum voltage between the two cylinders that 
will just accelerate the charge all the way to the outer cylin- 
der. If the charge just reaches the outer cylinder, then r =0 
when r=R 1 . Making these substitutions into Eq. (36) [with 
ip eliminated using (26)] one can easily show that this mini- 
mum voltage is 
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qB 2 j Rl\ 2 

v=<HR 0 )-4>(Ri)=^\Ri-x- i J- ( 37 > 

V. CONCLUSION 

We have brought together a number of ideas that we have 
found useful in teaching our students about the magnetic 
vector potential. In Sec. II, we discussed two ways to visu- 
alize and calculate the A field for some common current 
distributions. In Sec. Ill, we showed that qA can be viewed 
as a potential momentum, very much as q<f> is a potential 
energy. Finally, in Sec. IV, we illustrated how this interpre- 
tation of qA gives us an alternative, and perhaps more in- 
sightful, way to view some problems involving magnetic 
fields. 
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QUITE A BUG BEAR 
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